) . . , .
(ofturl °P+’M'Za"f‘10n
uP dntil now we ve Mos-/ly conSiderod 1he P/pb(.pm of
5/!71‘/1(5'/2:’/0_9 or r‘om)o,’l,',y Q@d circurts, Whatif

we alfeady Aave @ bad circw'+ ‘f'haugh? Impm/:’q’
upon this problfm S +he C rcu+ opilimiza tion P’wloh.

Problem (circvid oplimicartion)

G rven @ C‘i/(‘w“‘f‘ Cove/ o gate set G ond Cos+
func+ion C:CI.Y(“l""S(G.) —%,R A "pf’lc’ Some C’DW/' G st

D) C'=C (i.e they implenent 1he Same Operator)
@ c(cD <<(C) (ideally C" minimzes <.

(cosd Functions)

. Quanium cos+ (Hof gates over £X,0%, CCX3)
this is old and irrelevant now. don™ uSeploose
o - co uat (”'T oates )
primary medric for Ft computetions over Cliféovd+T
o CNot-count ( #C Not/CX gafes)
OFten used s physical conputations since
entanglement s Cxpersive A error prone,
edepth (roughly. ™€ “tongth™ of the crrcuit)

90:/0/4: (ro vyh/y) the +ime do pxpruﬂ’, and
by extension the er2” in non- FT computations

o T-depth ( the nunser of state injection stages)

TAis iS @n oder met/7ic based on a humber of
@S5y mptions, hotably Fhat ) CliéPord Cirruils
ore pp/Pormed in one code Cyele, and (D

space is of€ectively unbounded. Aostly replaced
with more nuanced cos+ models nhow



Circuid dﬁpf/s
Ex.

What+i8 the o/p,ofh of @7 3

what about —4= ? ,
——

or —H—r 7
__—--@_.’

Crretit depth for circuits which have nol bLeen rouked
or mapped o a specific Aewdware & oxecution plan s

typically taten as the minimum depth in this regqrd.

T € we view the Circwt as a directod acyelic g raph

vith edges from eaCh gate oufpuT Yo the input Of +h@ Aext
oate (i.@. e depeaddnre siaph of Hne cirCuct), then the

Minimyum dP.p'l'h i +he length of = lon3?$+ quh,‘ called
q crilical poth.

F o

Circurt (\'PP“’/'dmry 9/4,0/!

ongeSt path Length =

Bz LD S

- S50
CNOT here depends S hes no dgpendere
onthe output of H onT

T-depth is linevise The maximum T-couant alons
any path inthe s7aph



DPP’H‘ (‘om,ou‘fa-t ioM

Dpp-fh (or T-depth) can be calculatad by
updating the cridical path length For Cach qmbit
o Cter each gate, thenJaliing the ovenl(l marnum

(. 0. ' g
critical PQ‘*’T cFldical path
1eng Fh iIn leneFh out
d, f U F—— max(d;,da) +1
d.e L MOY(J,v'dQ) -“’
95 — —d
dq *@ dq + '

Or in pS eydo -Codle,

|, depths(il=O v

Q. {0!’ 3.*9 “'1 (‘l'f('uc"'

= s
3. o max;f_;hpﬁs(’.h)dep ()

(. depimCid T4+l i€ outpats(gate)
s, retyrn max. depths(i )



Cirruid optimization algorHhms
Compared +o classical Compilor optimizariions,
q/unn‘f'un CirCut Q,o"imiea'hbhs ore ((-urr?n-uv) MNor e

limited 'n form, Pt of +his is dueto 14 e roletive
Siaplicity of the Civeuit malel with respect~o il Llow...

B/pq:" Catogories of opl. al or:’-ihms)
S P 9

uantym classicq! analo
QV/ L Xls
) templaterevrite based F”Ph", e opiin rzaqtion
// VP-Syn‘M(S"S 7
analys.s ~besed dataflow oplimizalion
(e.g. Constant propagaiion)
qbstract interprelation
\/ bgsit"a"y everyhi )

“most opl. algorithes € into these...

Mmain ﬂla’ys/s b aSAl opt. is Phosp-ﬁo/dfq 19
(Tenplate /re-write based)
- par'iest ql-go//‘f‘lﬁg From Dmitri Maclov & CO, Circa W,‘S
Basic /deg:
Given @ gete Set G and a St of Cirrut eguelrtios

over G. repeatally perform re-wiites of a CireutC

Usine +hoS- €qualitirs.
3T

wy

E.9. Givew —DHIL L~ 2 2




Re-wri'tp based 0'01 Imicat fon

(Grnw’»'r method)
Given a circurt C £ set of rewrite rules (,—'3'(:?,

| For eacs gate 9; " C=9, "9
3. SPe  E 9'3) matches Some V“l? C — (_:?
dl'd '.-F‘ _907 fpp/q(‘f .9’.9] Wt A Cq
3 Re,waf untrl no more Changss <B1 bo made

- O
T (k“.m.,l) wheve s 19 rvies
(bm)ol.ox:‘fy O h /S maX |aythof lhs

(aSSuming no cycles. )

(D pg,gn ,.h9 re- wn “-p rd ,ps)
Designins olroctive re-write based optimizations
gonerally boils Jown To Finding a sood sp+ of

re-wrte yules. Eactors inclade?

* S,z — Smaller = more e€Frcront

e Jecreas ng — i¥ re-wr'ta rules are nol-
decreasing with respect o the rost

Function, 1.0 ¥ -G, clcp2 C‘(CQ)7

thon cost Can inCrease.ON The of ey

hand , more litely 1o get stuck i locel

minina w/ @ Snall decreasing set of rules
e cO np lotoness — s every cqui laleat Clrcurt reachoble
via the given re-write ryles’

o con€luence ~does +he order matior?

T n practice, re- writing is generally ot very etfectve
end 18 MS'aaI/)( :’nplfnmf?el es baSic Q}m)ol,'{’;m‘f,'mg
(P.e. put=1) gnd commutations (e.9. (22)CX =Cx(2T) )

Bq—# The (‘o/anP-fenras' q,uPSHon 'S fn"/'@rps\-/,'n’
and relevant to upconing matesial



Example

Con Sider the {ollowing St ot cgualitios
(L,-clu’l’("‘HD’DCI re- wr,-]'p rules)

0 {THr:— @ T_gr,_—_itr@—

@%:5:% O LFFH = —

Ve cen on imi=e the €ollowing clvoult as fpllows:

T

b T"‘

Cost
ih/'rmg@

{
L
+

1D D B L1P 1N® (1E

1
\2

To auoil the use of CoSt = increasing re-writes, Could
3 & @ &S en maa(, -f-y DOIILQ S0 ,fﬂSb

over S P/‘IalePd rules. For instance, the -Pdlow/ng eWH‘y
holds for the same reason, bat can’t be o Found us ne

_ ceh be Cand
‘ - vith(? and
- Some Clot

rUles...




Eq,un‘ iondl (('c‘/t'm'-l') Fheerres

owr G
More Formal &/,, Wecan thnk of (‘ir('dHSAOS Worls o+

toms of a (éred) ol gpbra (G., *a®). Tratis, a Cirevit (st
* A gate 9 G
® A (well - Eormed) Seguential r'onf°"'+;°“' G Ciy ©r
e A parn el (‘omPogi-Hah (‘,@C_\,

TL\P 9”0"“ Qfd Mdpl or SPMOII*]-{(‘S o.F a r,‘/('u,‘-f(;
o enotod EC],’ is a |inear operator on {'3". We can

define [T-] irductively as
c[9D=0 ¥9€C
‘EC}’C.‘H-TEQ]EC}]
[ceQl=(clellG]

— +echically Shovld hew ariies...
.l:’)& /’(/ \‘
Let G =89192,943.
We decine +he Semohtics of (G.®) by givme
o lincar ope’ater for pach 9 € O,

say L9 D=[:2], Y| {;f’ 1[]931]:[?5]
Th eh
[929:0 = [09.0005 3= [521[7 ¢
S



E q,mn‘ ional theor as

Given a sate set G, a st R 67 *<G7 of rel ations
Jefines an e uational thewy where we day that R
proves that C,2Co, writhen Hhi—C 2Cq, iF a p reof
can be bocl+ €rom rhe Followine in€eranco rdles:
(A& ER
thqt— (2Cq

(R-rules)

""\Rl—— CQEC, ‘H\RG—-C.':.C; +“R'—_(-‘IEC3
(COmm) (‘h’am‘)
the F—C, =G,

thet™— C, :Cs

(ref!) thoi—Caz Gl DES, B}
R T — (sub 'f'erms)
thy — €, 3G 4G 2C,0G, OC;

H.kl——-(';(‘

(;vlpormou ) rf you Con _994 (:? rom C, by epply:
4 )‘R in the ob kious u;.}ry) s

A theory +h IS Soand F whenever
th—G :Cq , then [6D=[G]
(in Fa/mHy,‘ every e?nalﬁy G =5 eR s -frue)

((OM,DI{?"("PSJ)
Atheory th is complete if whonever
EGD: E(‘RB.\-II'PH +’\ l'——C'.‘E(:?
(,‘npo/mqllx,’ evovy true th"fy C,zC caan dbe P”""")

(Asido)
Tr {—hp(‘iﬂ‘(h" "‘Wo’/cl, we of+en talft abaut +he p'/w'l/a/m?"
algebraiC notion of @ présentation by

g enerators & re lad/ons.



Coanplete theories
known ('Of‘f’?f'{’ Pq,uqh’mcl ‘theories aor @
(| €Fored crreurds

« CNOT-dihedral circuits
(c,'r('aHS over {H‘r x‘»(w'r') RZ(%")S)

o« CNoOr-circus (below)
) I-'e‘l-'q/ubif Clifrprd+ T cirCuit$s

e Circads over qu CWNor, SVAP-\ P;' Rz(e)f
& vory - 2 !
very recent résult

Ex (Latont 2003)

(This is @ fascinating, non-gquantym paper)
Tovards qn algebraiC theory of Boolean Orulis™

The €ollowing relations ere Complete €or ESVAP,CVorSvAPS
( CNof-5wAP = ;xZay

OE on guestions

. Rf la4.’on5 -ﬁor Toltoli + H’adamro/
oRf[a-}ionS for th“bf"' (’II‘FFyd*T



Norma | forms

A sttof relations R gives rise to a re-writing
syStem de€ined by dvoppins (réfl) & (comm) ond
denpted thet— C, —>Cq

(Comple+eness)
A re-wriing theory is Complete i€ whenevers
L6100, 3¢ 24 the —C,—C,

the F—=Cq— C,

([\/ofmal t{"O/M)
A circw¥ C '8 in normal €om i€ ﬁ(" Such thet

thet=C = c'

(Unqueness)
UOI’mal Corms qre Seid to be Unigué I ¥ £or an)/
noreal Corms C 7 Cqq 0LC 17 [Eo]]
(Vote: 1hs ;s Stranger Fhan the notion in alstract rp-..m;;?)

Fact
T o re-wiiting theory/sysi@m has unigue normel fores
Cor every circa’t, it i3 c‘oﬂP/P‘f'P. Moreover, i€
every €, —Cy € R is €084 non-/nCreagsingq these
hormal forms ane cos+ optimal

Thm_(Matsumoto - Amano)

Fhore €xiSts a re-w/ite System which is complete
and T—Count optimal for Single-guert Cliffol



